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The distribution of electric potential and field in flat and circular channels of constant
cross section with infinite electrodes at end-faces and a flow of a perfect incompressible
fluid containing a space charge is determined, Effect of the channel geometric dimen-
sions on the electric field distribution is investigated on the assumption of zero mobility
of charged particles, and the limits of applicability of the one-dimensional theory are
established, The derived solutions correspond to the zero approximation in the series
expansion in terms of the interaction parameter in the solution of (the problem of) per-
fect gas flow in a channel of constant cross section, The influence of electrohydrodyna-
mic effects on the hydrodynamic flow is evaluated in the first approximation,

Let us consider the stationary flow of a perfect incompressible fluid in a plane constant-
section channel having infinitely extended electrodes at its end-faces (Fig, 1) . Let us
further assume that the velocity vector has only one component u == uy = const
directed along the x,-axis, In this case the continu-
ity equation is identically satisfied, and the equation
of motion will be used for the determination of pres-
sure, We shall consider the flow of a fluid in which
the mobility of charged particles is zero (b = 0).
with these assumptions the electric current defined
by Ohm's law j == qu, flows along the z;-axis only,
In the projection of the ,-axis we have

Jo - quy (1)

Here ¢ is the space charge of the fluid, If all
parameters are assumed to be independent of the
2,-coordinate, then from the equation of continuity
of the electric current we obtain ¢ == ¢ (y¥,). The
form of function ¢ (¥,) is determined by the boundary conditions at the channel inlet,
In the following we assume that g - ¢, - const. Using Eq. (1), we can relate g, the
total current I by means of the relationship gy == I / 2hu,, where 2/ is the channel
height, The channel length is denoted in the following by L.

For the determination of the electric field and potential in and outside the channel
we use the equations of electrohydrodynamics [1]

div Ei‘ == I/KZhLI/OSO, div Ee = 0, EL',i = — V(Pwi (2)
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Fig. 1

Here g, is the dielectric constant of vacuum, and subscripts ¢ and { denote, respec-
tively, parameters outside and in the channel, We also assume that the electric field E
has components along the z,- and J,-axes only, Eliminating the electric field from
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system (2}, we obtain
AQ; = — I ] 2huge,, Agp. =0 (3)

Boundary conditions for system (3) are formulated as follows:

(Pe(O' yi) = @ (09 yl) 30& (pe(L’yl}z@i(L: yl)x@l {00 <y <o)

-k Ay, (x, K
e (21, 7= B) = @i (71, = h), am‘(;f;f)z w,;xy}i) O<a<l) (4

=@ /L for >+

liere @, is the difference of electrode potentials,
The torm of the boundary conditions (4) presupposes the continuity of the normal
component of the electric field along the nonconducting walls ¥; = -+ A. This implies

the absence of surface charges on these walls,
We pass in Eqs. (3) and in the boundary conditions (4) to dimensionless variables

defined by formulas
1 . L . P, ‘Pi — EL — ,_;f_ o ..._._I.Q..._
T == L y Y= L » (De - P ? f R q)l e = o1 ¥ g“_ Lt Q” 2’2&0@180

Wwith these new variables we have
AD; = — Q, AD, =0 5)
®,0,)=00,5)=0, @LY=0Ly=1 (—x<y<»
B, (@, ) = O; (&, 4 1), 33),(;;:*:%:} _ 3‘95(;;:&:@ O<z<)
O,=2 for y—=+ >
Making use of the symmetry of problem (5) about the channel axis, we seek the solu-
tion of this problem in the form of a Fourier series for y > 0 only
o

®;, =z 4 0.5Q (x — =% + 2, A, chhysinh,z (6)

nm==l

oo
®, =z + D) B, exp(— Ayy)sin Ayz
Ne=l
Satisfying the boundary conditions, we obtain

4 -
Ap=— 3500 (= M), Ba=g5shhi h=@—fa ()
n

Formulas (6) and (7) provide the complete solution of the problem (5), Pressure dis~
tribution in the channel can be found by using the Bernoulli equation

p—-p(z.y} I(P 3
P _sh(ey), =gty (®)

The obtained solution makes possible the derivation of the expression for the mean
value of the longitudinal electric field (e, over the chamnel cross section, for that of
the transverse field €, at the channel wall y = £ , and for the mean value of the

electric potential (@5 over the cross section

Cexd = —14+0.50 2r — 1) + =

Z - exP(* Zhf) CoS A,z ®)

ne=]1
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ey = 20 2 eﬁii(z 2k B} sinh,z (cont,)
n==1 - .
(D> =2z 4 0.50Q (x — 2?) "__‘:_Q_ Z WSMAJ
— n
The solution of the analogous problem of a :u'(:ular cross section channel can be writ-
en as o B Koh,n) I
O, = z + 40t 2{ *—“7:0—— sinkot, Q= fpm—s
®; =z +0.5Q (z — 2% — 4QE iwsinknx

n=1

c@n—N, re=r /R, E=Ry/L

Here I,, K,, I, K, are Bessel functions of a purely imaginary argument, r, is a
polar coordinate, and R the channel radius, The parameter () appearing in these solu-
tions is in this case determined by the total cwrrent / flowing in the channel,

In addition we write the formulas which are analogous to those of (9)

a,¢ ?\ r
(e = — 140502 — 1) + 8 3 =2
n==1
7» e
er, == 4QE Z ST = Ty () Ky (M)
(1 Slﬁl\, £

(D) = 24 0.5Q (x — %) — 8Q Z
n==l
These solutions provide the means for investigating the effect of the channel geomet-
ric dimensjons (parameter &) on the limits of applicability of the one~dimensional the-
ory for the calculation of electrohydrodynamic flows in channels, Let us consider the
case in which (g,> = 0 for & = 1 (we note that a similar investigation of flows in
a circular channel yields only quantitatively different results),

From the condition {e.> - ) when z -- {1 we obtain
| 4 o 1 exp (— 24 _E)7- 1
:“:9; %__*_ "_: e ‘
Q=21 9 ] (10)
nel n
For £ —» oo we have the parameter ) =~ 2, and (¢ == 2 {(z — 1) and (D, —

= 2x — ¥ i,e, in the case of short wide channels the solution behaves as the known
one~dimensional solution [2, 3], and along the nonconducting channel walls ¢,,, (x) is
finite, For x == 0.5 and £ —» oo we have e,,, = 4G / n® — 0.37 ,where G is the
Catalan constant (G == (.915...). However the effect of the transverse elecuric field
on the flow is small and the flow is close to one-dimensional.

It can be seen in Figs, 2 and 3 that when £ > 0.5 the solutions for <P;> and <eo
differ only slightly from that derived by one-dimensional theory (dashed line),

In long narrow channels (8 — 0, Q — o) in mode <e,> = 0 at # = 1 parameter
eyy — U and the mean field <ex> is close to ~1 throughout the channel length, except
in the narrow layers near the electrodes, Figs.2 and 3,

The curves of distribution of ey along the length of the channel, appearing in Fig, 4,
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show that in the case of zero mobility the assumption of constancy of the electric field
transverse component at the nonconducting channel walls, sometimes made in calcula-
tions by the refined one-dimensional theory [4—7], is valid for narrow channels (small
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are not large, their considerable effect on the flow is
seen from Figs,2 and 3,thus corroborating the necessity
for taking these fields into consideration in calcula-
tions by the hydraulic theory,

The condition {e,) = 0 for = 1, which inthe
one-dimensional theory corresponds to the maximum
power mode, imposes on parameter (J the limitation

12
Sheite;, — € €) (11)

Here Q (&) is defined by formula (10) and R is the
resistance of the external circuit per unit of channel
length along the z;-axis, For large § condition (11)
becomes () = 2 — the condition known in one-dimen-
sional theory [2, 3].

If the derived solution is used for calculating modes
(of operation) corresponding to those prevailing in
actual installations without specifying the condition
Cex) = 0 at x == 1, it is necessary to introduce in
addition the dependence ¢, = ¢, ([), which is the
volt-ampere characteristic of such installations, This
dependence has to be determined either experiment-
ally, or theoretically with the work of the corona dis-
charge — source of charged particles ~ at the channel
inlet taken into account,

To clarify the influence of two-dimensional effects
(effects of parameter £) on the lengthwise distribu-~
tion of the mean electric potential over the channel
cross section, an analysis was made of the solution for

E=0.1and Q = 20.
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The results of calculations obtained by the one-dimensional theory (curve [} and the
solution of the two-dimensional problem (curve 2) for the same values of parameters 1)
and § are shown in Fig, 5, These curves indicate that in a channel in which the ratio of
width to length 24 /L is equal to 0,2 the flow differs substantially from one-dimensional,

When the transverse electric field is taken into consideration in the one-dimensional
theory, it is usually assumed that this field is constant along the channel, The one~di-
mensional theory does not, however, provide means for the determination of the order of
magnitude of ey,. The derived two-dimensional solution makes it possible to determine
the order of magnitude of €44, which must be used in the one-dimensional approxima~
tion for the correct evaluation of two-dimensional effects,

Averaging the equations div e -+ () and V(I ... — e over the channel cross sec-

tion, we obtai s .
ion, we obtain d<e €, () daby y (2
dr - TR de '\ex> ( ‘-‘)

Here e, (Z) isthe transverse field at the channel wall, Parameters (e,> and €,
derived by the two-dimensional theory identically satisfy Eq, (12)., Let us consider be-
sides Eq, (12) the equation de * N db*

‘o cym L k — *
K72l S S R T 9

In Eq. (13) instead of the true value of field e, (x), we have the value of the trans-
verse field at the wall ), averaged over the channel length
)3
ey = ey, (0)dr = E1Q — (ex (1)) + e, (0)) ]
0
The parameter Q% in the right-hand side of the first of Eqgs, {13) can be calculated by
using solution (9), We have o .
4 < 1 —oexp(— 20 E)
f J— :
Q=Q—5 3 — " —a@®Q (14)
Te==} n -
The solutivn of system (13) with boundary conditions ®% -= (} at » — O and
P* = 1 at z = 1 is of the form
OF = 2 - 0.5Q% (z — 2?) (15)

This solution is the same as that derived in the one-dimensional theory by the substi-
tution of parameter (}*defined by formula (14) for (). Function @ (&) appearing in this
formula contains the correction for two~dimensional effects, and its value varies from
zero (when £ —» 0) to unity (when § —> 00). The dependence o (&) is shown in Fig, 6,

Curve 3 in Fig, 5 which corresponds to solution (15) shows a better correlation with
the exact solution than that derived by the purely one~dimensional theory (curve I).

Thus the two-dimensional solution indicates that in the case of zero mobility a purely
one-dimensional approximation can be used for calculating flows in short wide channels
(¢ >> 0.5) . In narrow channels two-dimensional effects are substantial, The above exam-
ple shows that in the latter case the lengthwise distribution of the electric potential is
to be calculated by the one~dimensional theory with the constant transverse field taken
into account, This reduces to substituting in the one-dimensional solution of Q* =
= a (§)Q for Q. The quantity a(f) defining the deviation from the one-dimensional
concept is universally applied for channels of various lengths, Its curve is shown in Fig.6.

We point out that the derived solution is exact in the case of a perfect incompressible
liquid, If the flowing medium is a perfect gas, this solution may be considered as the
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zero term in the series expansion in terms of the small interaction parameter S. Subse-
quent expansion terms can be calculated in a manner similar to that used in [8].

The equations of electrohydrodynamics in the case of zero mobility of charged parti-
cles are [2]

P(u—(?,i—%-v—(%j—):SQ(uexvae}J), i= (T_i)ﬂo': + uatl‘z
Here
u:%' Z~=;—’0' p:Pozoa' ‘O:-Epo—’T:Tq;_' qz—qqo—’ e:%—

The subscript zero in relationships (17) denoted hydrodynamic parameters for z —» —oc.
Let us assume that the flow is in a plane channel extending from minus to plus infinity,
and that charges of constant density go over the (channel) cross section are introduced
at z = ( and subsequently completely removed by the electrode at z = 1. This implies
the absence of an electric charge in the regions z < 0 and £ > 1 and, consequently, equa-
tions of conventional hydrodynamics are valid in these regions of e = 0.

In the case of small interaction parameter § the solution of system (16) may be sought
in the form u=1-+ Su1, v= S, p:?:%’(—)z_—*—sph T=148T,

(18)
p=1435pm, ¢=1+8n, e=e, +Se

As the zero approximation for the hydrodynamic parameters in (18) we take the solu-
tion corresponding to the flow in a plane channel in which the parameters and the charge
density in region 0 <{ z <C 1 are constant, As the first approximation in that region we

MY e o on 0 T ot T
9z "oz T dy — 0 oz [(T — 1) M2 + Ur|=~€y;, P1=TT07
ouy op vy om 19)
3z = oz T fx or ~  dy tey

The electric field vector e; appearing in formulas (18) and (19) is determined by
formulas (6) and (7), and the flow in regions r < 0 and z > 1 is defined by equations
of conventional hydrodynamics, These equations can be derived from Eqs, (19) by spe-
cifying e; = 0.

Eliminating from Eqs, (19) py, T4, p1, we obtain for region 0 < z < 1

du an ou1 vy
A —M®) o+ 5, =—Mddexs - — g =03 (1) (20)
In regions z < 0 and z > 1 we have
Jur v ol dvy w1(y) for 20 ‘
1 — Mo? oz T oy T oy — or { w3 (y) for z>1 1)

Here o,, @,, w; are arbitrary functions of y.
We shall solve the system of Egs, (20), (21) for the following boundary conditions:

uy=1uv =0 for 2> —oc0, v, =0 for y = ;- & (22)
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Conditions (22) must be supplemented by relationships at planes z = 0 and +- !
where normal derivatives of the unknown functions can become discontinuous, In these
planes we have [8] {81“ 1 {apl 1 {a” }

dv | 18y | ED; } =0 (23

Braces denote here differences between the values of corresponding parameters ahead
and behind a discontinuity,
Using (19)—(23), we obtain o, == @, = wy = ¢ and, also,

dry
{3l},—:{—a—£—}=0 for 2=0, z=1 {24)

Hence the flow in the channel is potential, Introducing the potential y defined by the
relationship u; = V1, we obtain

ek A A ( (1 for 0zt .
U= M) e + g =~ Mied, d=19 g <0 zr>1 (=9
The boundary conditions for system (25) are of the form
o A .
75;‘:0 for £— —no, -67'::0 for?:—;ijﬁ (26)

a
{¢;={a—f} =0 for z=0andz=1

Equations (25) with boundary conditions (26) are solved differently in the case of
My, >1 and in that of M, < 1.

When M, > 1 ,the flow parameters in the region = < 0 are constant, hence u; =
= v, = 0. Solutions in the regions 0 < z < 1 and z > 1 are derived consecutively first,
for the region 0 < z <7 1 with boundary conditions

oy F
P=-—75-=0 for =0, Tz)—::ﬂ for y=-4¢

and, then, in region z >> 1 with boundary conditions

a a
NJ}—-{ \p} 0 forw=1, 3?: =0 for y=+E&

These solutions can be obtained by the Fourier method. They are:

for 0 << z <1 e o x
U D’t[ [ i 2V Q @ (v)sin v, (z—7)dr cos u}
T \
n>71 0 S ird
H o n 7
R — ?1/10-3 2 By ‘\ @ (v)cosv, (z—1)dvsin gy
n==1 0
p=—(m+®) Ti=F—HMip, B =nwE, v =p VME—1
for z >1 My o L
R e 7 ) M2 ’. Z Y \ ® (t)sinv (z-—1)drcosp z,'_‘
no-i 3
M b
y o— Mo ) .
S 2 M B, S M, (V) cos v (z —1)drsin Y (28)

n=1 4

n=-—{+w), Ti=(1—1)Mp
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Here @, (z) are the coefficients in the expansion of functions ®; {z, y) into Fourier
series ir. terms of cosu,y alongsegment — & < y < &

1 2 ;
Dy = T Sq)id3’ =B, © (2)= — S D, cos Bydy, n=1,2
0

iy
o

..

0

The solution of the problem for M, < 1 is to be sought simultaneously for all three

regions, using boundary conditions (26), The Fourier expansion yields:
for ¢ << 0

Mg 2
M= T Z Vn

n=1

D, (tyexp[— v, (T — 1)]dv cos Ly “%

O™ i

1
My & 5

ry = T:‘-W 2 P YO, (v) exp [~ v, (T — z}] drsin Bay
i

a=1
p1== —ua, T1=(y— 1) Mipm
for 0 <Ca <1 '

M{)g i -
1= T:—_MT;? {(Di - 2 Va Lan {x) +
n=i

(Vn = P’n/ Vi - Moz)

D By

Gy (1) shv, (z —1) df} cos }Lny} {30y

x

M02 & ]
=T gE Z I, [”n () + § Dp(rych v,z —1) dt__! sin oy

n=:1 0

1
p=— @), Ti= (1 —DME an(z) ::Smnmexp[vnu—r)]dr
0

and for z >1
M 2 oc . ‘I . [ve]
= i_ijm* [1 - 21 Vnby (z) cOS P’“ny} y  Fl== e mf—:_—{:‘f? 2‘1 Babn (z)sinpny  (31)
n—= =

p=—{1+uw), Ti=q—1)Mlp, bpx)=\Py@)exp[—va(z—1)]dr

LI YO

For the determination of ¢, and ¢, we have the system of equations
/] dary . .
7 (g1t w) + oy = 0 diver-= Qg (32)
Using boundary conditions ¢, = 0 at z = (, we obtain for region 0 < z < 1
0 = — M@ [®; + uy (2, y) — u, (0, p)] (33)
Functions u, and », appearing in (32) and (33) are determined by formulas (27) and
(30), respectively, for the cases of My > 1 and My < 1. Vector e of the electric field
can be found from Eq, (32) in which ¢, is given by formula {33).
let us analyze solutions (27) — (31). Formula (28) show. that when M, > 1, the per-
turbations from region 0 < » < 1 containing charges propagate with undamped ampli-

tude only in the downstream direction, In the case of M, < 1 the hydrodynamic para=-
meters become constant, when z -—— o, and we then have
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M 1 =M

MET THE e AETgE e DvemTpr

The total enthalpy change A; along the whole length of the channel is equal to &
for both M, < 1 and My > 1.

We use solutions (27) — (31) for determining the mean hydrodynamic parameters over
the (channel) cross section, For z < 0 we have <upd = (p;> = (T> = 0 ,and for 0 <

<z <1
= M <Dy (r— 1) M2 (D>
upy = —— E (<P, <p = “T'—_E“ R . —-1’:{02 i (34)
Finally, for = > 1 we obtain
M2 1 v —1) M2
uyd== "1—_:—(1"7;; . (P> = — T Mgz Ty = — 1Mz (35)

Function <@;y appearing in formula (34) is defined by formula (9), Curves of this
function are shown in Fig, 2 for various values of &, The proposed here theory for the
approximate evaluation of two-dimensional effects in hydraulic approximation permits
the substitution of the function (®;y by @* defined in (15).

In concluding the authors express their thanks to G, A, Liubimov for discussing this
paper,
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